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For a class of Bardeen-Cooper-Schrieffer (BCS)-models, with complex, weakly momentum depen-
dent interaction coefficients, the representation dependent effective Hamiltonians and their spectra are
reconsidered in order to obtain a consistent physical picture by means of operator algebraic methods.
The starting point is the limiting dynamics, the existence of which had been proved in a previous
work, in terms of a C*—dynamical system acting in a classically extended, electronic Canonical An-
ticommutation Relations (CAR)-algebra. The C*-algebraic KMS-theory, including the low tempera-
ture limit, specifies the order parameters. These appear as classical observables, which commute with
all other observables, constituting elements of the center of the algebra. The algebraic spectral theory,
in the sense of Arveson, is first applied to the dynamics in general pure energy state representations.
The spectra of the finite temperature representations are analyzed, identifying the gap as the lowest
of those energy values, which are stable under local perturbations. Further insights are obtained by
decomposing the thermal dynamical systems into the pure energy state Heisenberg dynamics, after
having first extended them to more comprehensive W*-dynamical systems. The decomposing or-
thogonal measure is transferred to the infinite product space of quasi-particle occupation numbers
and its support is characterized in terms of 0-1-laws leading to an asymptotic ratio of quasi-particles
and holes, which depends on the temperature. This ratio is connected with an algebraic invariant of
the representation dependent observable algebra. Energy renormalization aspects and pair occupation
probabilities are discussed. The latter reveal, beside other things, the difference between macroscopic

term occupation and coherent macroscopic term occupation for a condensate.
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1. Introduction

For the theoretical treatment of superconductors
Bardeen-Cooper-Schrieffer (BCS)-like models are still
of actual interest. Even for the high-7". materials, mod-
ified BCS-interactions are considered or serve at least
as reference models. The condensed state of Cooper
pairs is a paradigm for many condensation phenomena
in quantum field theory. Thus it seems worth while to
invest some efforts to elucidate, as much as possible,
the structure and typical properties of those models.

For our present discussion we make use of a class of
inhomogeneous BCS-models (that is, with momentum
dependent interaction terms), which are still explicitly
treatable, but which display already the typical spectral
features of the quasi-particle and pair excitations. Like
all of the BCS-models in theoretical physics (cf., e.g.,
[1-8]) our models are of meanfield type. This feature
is here, however, not introduced by replacing certain

interaction operators by c-numbers in the middle of
a calculation, but by the very definition of the mod-
els. That means that we make an ansatz for the micro-
scopic pairing interactions, which coincides for a fixed
volume with usual momentum dependent field interac-
tions, but which displays a certain scaling behaviour in
the thermodynamical limit. This scaling amounts to an
averaging procedure of some of the interaction oper-
ators. The formally averaged operators commute with
all other observables and enable, by this, the evaluation
of the models.

On the other hand, there arise nontrivial mathemat-
ical problems by the fact that the averaging procedure
converges only in a rather weak topology and not in the
algebraic norm topology. The weak topology is com-
monly obtained by selecting a Hilbert space represen-
tation for the observable algebra, mostly a represen-
tation over a pure phase temperature state. This con-
nects, on one hand, the dynamics with special external
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parameters and prevents, on the other hand, the dynam-
ical description of processes far from equilibrium.

In previous publications [9, 10] we have elaborated
an alternative method, by which we extend the norm-
closed quasilocal CAR-algebra (based on the Canon-
ical Anticommutation Relations for the conducting
electrons near the Fermi surface) to a C*-algebra with
a non-trivial center. By this we are able to describe the
Heisenberg dynamics in the thermodynamic limit in
form of a C*-dynamical system, that means a represen-
tation independent form of the dynamics. (Mathemati-
cally a C*-dynamical system is a one-parameter group
of transformations, which act on the observables in a
linear, multiplicative and x-preserving way and which
depend on the time parameter in a strongly continu-
ous manner [11]). The merits of this formulation, the
mathematical technicalities of which are given in [9]
and [10], are a unified theoretical frame for the var-
ious situations resp. reservoir couplings, a supercon-
ductor may encounter. Especially, the very powerful
C*-algebraic KMS-theory may be applied for all kinds
of external parameters, and its low temperature limits
can be studied for one and the same dynamical system.

For the characterization of the superconducting state
the spectral features of its excitations are essential.
In usual many body physics this mostly is discussed
in terms of thermal Green’s functions using formal
perturbation theory. In the spectral representation of
Green’s functions the poles are, however, sensitive also
to small perturbations of the interaction, whereas the
temperature dependent energy gap should represent
stable features of the collective phenomenon. In a pure
Green’s function formalism one has also lost the con-
nection to the well developed spectral theory for oper-
ators. In cases, where a Hilbert space representation of
the many body model is available, there may arise dis-
crepances between the spectrum of the Green’s func-
tions and the operator spectrum (personal communica-
tion by H. Stumpf).

We aim to clarify such spectral structures by mak-
ing a clear distinction between the algebraic spectrum
of the abstract C*-dynamical system and the spectra of
the various unitary implementations in the (inequiva-
lent) representation spaces. Since we have available, in
contrast to other meanfield models in algebraic quan-
tum theory, the microscopic, abstract Heisenberg dy-
namics, we are able to give a deductive treatment of
the collective phenomena in the special representation
spaces. The identification of the latter is an integral part
of a rigorous model discussion in many body physics

and depends on both the interactions and the external
parameters and reservoirs. This systematic discussion,
starting from the universal abstract dynamics, is cer-
tainly not the easiest way for arriving at the physical
results. But we hope that the present treatment gives
an idea how also more difficult questions may be dealt
with by means of algebraic quantum field theory.

Since the abstract spectral theory as developed in
the seminal paper of Arveson [12] (cf. also [11]) is not
well known, we describe its basic definitions and prop-
erties — in a necessarily concise form — in Appendix A.
By means of the C*-dynamical system 7, e.g., an ab-
stract excitation operator A (creation- or annihilation-
operator of the field algebra or rising- or lowering-
operator of a Lie algebra) acquires a spectrum Sp 7 (A).
In Appendix B we show that Sp™(A) comprises all
unitary spectra SpU (A£2) of excitations of the vacua
2, the mathematical definition of the latter being one
of the most fruitful achievements of the Arveson theory
for physics. Is the vacuum separating, i.e., being not
annihilated by any A, what is typical for thermal vacua,
then Sp™(A) = SpU(A). Thus there is the chance
that the spectrum of an exact thermal Green’s func-
tion displays the whole algebraic spectrum, a ques-
tion which we shall investigate in the forthcoming pa-
per [13]. On the other hand, the spectral projections,
and thus the spectral degenerations, depend essentially
on the representation space. An infinite degeneration
of a spectral energy value indicates a certain spectral
stability (against compact perturbations) and appears
typical for a condensate. This feature seems not to be
discussed in terms of Green’s functions.

Our subsequently presented investigations of the
BCS-models illustrate that spectral questions of many
body systems are very subtle. For finite temperature
representations we find very stable spectral excitations,
which are even invariant against arbitrary bounded per-
turbations. They belong to the so-called Connes spec-
trum, which is an algebraic invariant of the represented
observable algebra. The difference between the energy
of the thermal vacuum (mostly renormalized to zero in
algebraic quantum field theory) and the first positive
term of the Connes spectrum is to be indentified with
the gap. The first positive term of the Connes spec-
trum is, however, not equal to the first positive term
of the Arveson spectrum, and it is not at all the low-
est excitation, since both spectra are symmetric around
zero: The macroscopic thermal vacuum represents an
infinite energy reservoir and may be arbitrarily de-
excited.
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By decomposing the thermal vaccum into an in-
tegral over algebraic pure energy states (which as
vector states belong to inequivalent representations)
we obtain further insights. The decomposing measure
provides us with a (temperature dependent) statistics
for the relative occupation probabilities of the macro-
scopic energy values, which fluctuate in thermal equi-
librium. These relative occupation probabilities are in-
volved in the energy renormalization (by infinite val-
ues). Thus the thermal vacuum obtains its renormal-
ized energy value not by a divergent c-number, but
by a divergent operator subtraction. This identifies the
deeper, but physically plausible, reason why the renor-
malized temperature Hamiltonian is not affiliated with
the represented observable algebra.

In order to relate the renormalization problem with
the Borchers-Arveson theorem, we have expounded
the latter in a suitable form in Appendix C. Our analy-
sis demonstrates, that for finite temperatures there is
no way to obtain a renormalized Borchers-Arveson
Hamiltonian, which would be bounded from below and
then would be affiliated with the represented observ-
able algebra. This questions certain procedures in the
theory of thermal Green’s functions, which work with a
lower bounded spectrum. This disclaims also the pre-
sumptousness of axiomatic quantum field theory that
the temperature Hamiltonian is no observable [14].
Our answer is, that by a renormalization procedure the
meaning of an observable is not changed. The implica-
tions are alarming: Those theorems of axiomatic quan-
tum field theory, which depend essentially on a too nar-
row concept of observable algebra, are dubious in re-
gard to their physical significance.

For many body physics it is interesting that our in-
vestigation gets across many macroscopically occu-
pied quasi-particle energies. Nevertheless they exhibit
no sign of coherence, in whatever sense. Thus the spec-
tral characterization of a condensed state has to be re-
fined. To give a hint, we conclude the present Introduc-
tion with a proposal, which illustrates even more the
usefulness of the Arveson spectral theory. Recall that
also in the case of a symmetry breaking phase transi-
tion (of the second kind) the limiting Gibbs states re-
tain their symmetry, being statistical mixtures of the
pure phase states. A condensed many body state of
this kind may then be characterized by the fact that its
Arveson spectral projection has a central part (in the
weak closure of the represented observable algebra),
commuting with all other observables. This definition
applies also to the limiting ground state, which dis-

plays less spectral stability than the temperature states
for its lower bounded, renormalized Hamiltonian. In
physical terms this amounts to the spectral character-
ization of a situation, where there arises an order pa-
rameter, the latter belonging to the center of the rep-
resented observable algebra. Observe that the order
parameter is as an element of the algebra of an ob-
servable, a classical field, and not a macroscopic wave
function. Its possible attaining of complex values is a
question of notational convenience and may be easily
avoided. Therefore its nonlinear dynamical equation
does not constitute a breaking of the quantum mechan-
ical superposition principle.

2. Model Assumptions, Limiting Dynamics,
and KMS-States

In the BCS-model the effective interactions between
the electrons are split into two parts: One part is sub-
sumed into a lattice periodic external potential and
gives rise to the Bloch wave functions with energies ;.
In a shell around the Fermi energy surface in momen-
tum space one has as second part a pair-pair interaction
which is in the average attractive.

The Bloch eigenstates are used to realize the elec-
tronic CAR-algebra as a tensor product. Considering a
certain numbering of the momenta % in a shell around
the Fermi surface by k = k(k),k € Z, we have for
each & two spin values o € {1/, |}. In the sense of
a pair formalism we combine (k, 1) with (—k, | ), and
the CAR-algebra 2 is written

A~ X B
kEN
with 98 =~ My =& My ® M.
We introduce a quasi-local structure in momentum
space by associating the local algebra 2l 4 := QRrecaB
with each finite subset 4 € £ := {A C N | |4] < oo}.
Dropping the embedding operators we have 2 :=
Uace 2 as anorm dense sub-algebra of L.
According to our numbering of the momenta we
have the Jordan-Wigner representation for annihilation
operators c ., k € N (that is the numbering set of the
Bloch momenta), o € {1, |}

w = (® (:00)) (000 )0 ( @ 1),

J=1 G=k41

k—1 00
C_p] = (g (0. ® O'z)) Re-@1)e <j:%-l ]14>,
2.2)

2.1)



346

where o5, oy, o, are the Pauli matrices and o1 =
$(0s ioy).

The local Hamiltonian for a finite set A of Bloch
modes is obtained by adding to the Bloch energy the
pair-pair interaction for which we allow rather arbi-
trary coupling coefficients with non-trivial dynamical
phases and obtain (see e.g. [5-17])

Hy = Z Nk (CZTCM + Ciklc—k’l)

keA
e o . (2.3)
— chTC*klc_k’lck/T

kk'eA

with gxrr = grrg for all k, k' € N. The 7 are the
reduced values of the kinetic energies for electrons in
the state k, that is the kinetic energy measured with
respect to the Fermi surface. The chemical potential
will be fixed throughout the paper and does not appear
in the notation.

Introducing the pair annihilation and number opera-
tors

b, = C_k|Ck1, my = gk +clg k), (2.4)

we write

Hy=Y npmy —
ke

>

9kk'
T biby.  (2.5)
k,k'€A

Note, that the Hamiltonian consists of matrices in
B, placed onto k-indexed lattice points. To

crr € Abelongso, ® o € B,

2.6
to x| belongso_ @ 1y € B, 29

and for by, mj € 2 there are corresponding matrices
b,m € B.

As mentioned in the Introduction the basic idea be-
hind our approach is to consider a given inhomoge-
neous BCS-model as a perturbation of a homogeneous
one. The latter is obtained uniquely by averaging the
given model data

Z Gkk' s

k,k'€A
(2.7)

1 1
= lim — 0 = lim —
= \A|’€€ZAW’ <9 A TAR

and has the local Hamiltonians

H91 = ank— Z ﬁbzbk/’

keA kk'€A

Ae g (2.8)
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As a general assumption of our investigation we as-
sume the validity of (2.7).

In order to arrive at a well behaved perturbation the-
ory one has to require that the perturbations

1
PA = HA—Hg = Z (577kmk—m Z (Sgkk/b;';bk/
ke kK eA
2.9)
with
0Nk == Mk — 1, Ogrkr = grer — g (2.10)

be “small” in some sense. We stipulate:

2.1. Model Assumption

We say that the BCS-modél is in the allowed model
class, if the constants (2.10) satisfy the following rela-
tions:

lim 577k' = O,
hooo o (2.11)
k}lm gk =: 0gj exists with khm 0gr =0

and

1 .
%‘:sz )5gkk/—5gk—5gk/ —0. (2.12)

K eA

Here }11H11: denotesthe net limit over theindex set £.
S

Up to now, we have specified the state-independent
features of the BCS-models. The meanfield character is
expressed, at this quasi-microscopic stage, by the long
range and weakness of the interactions, where both at-
tributes tend to limiting values for increasing A. It is a
speciality of our approach, that we construct even the
limiting meanfield dynamics algebraically, choosing a
Hilbert space representation only after the preparation
conditions for the many body system have been se-
lected. A basic notion within the algebraic meanfield
frame are the (state-independent) dynamical phases

59, = —Arg (1+%) — _Arg (g+5gk.) . (2.13)

The homogeneous limiting Heisenberg dynamics 7°
is well established; it does, however, not exist as an au-
tomorphism group in 2( but only in an extended ob-
servable algebra. We have described in [9] a singu-
lar perturbation theory in order to construct the inho-
mogeneous, reduced limiting dynamics in an extended
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C*-algebra, which beside the electron observables con-
tains also classical observables. The latter are indexed
by means of states ¢ on the one-cell algebra 5.

2.2. Definition

The (global) classically extended algebra of 2 =
) B, isdefined as the algebraic tensor product, com-
pleted in the here unique C*-cross norm,

C:=A®C(Eg) =C(Eg,). (2.14)

In reference to previous papers, let us stick to our
notation Eg for a convex subset of &(5), which pro-
vides the indices for the basic classical observables, de-
termined by an internal symmetry group G, and which
is something like a classical phase space. From our
present global point of view, however, E¢ is all of
the states on 9. C(Fg) means the complex contin-
uous functions on Eg and C(Eg, %) denotes the 2A-
valued continuous functions on Eg, the latter contain-
ing the elements A = (o — A(p)), with o € Eg and
A(p) € . The elements A = (o — A(p)) in Cg with

Ao) €Ax, Vo€ Eg,
constitute a C*-subalgebraC, C C.

We need the following fact on states in S(C):

2.3. Proposition

For eachw € &(C) there exists a measurable family
0 — w? € &(2), called sector components, and a
measure du,, on Eg, called sector distribution, such
that for all A = (¢ — A(p)) € C onehas

(w; 4) = /E (@?: A(0) (o).

From the microscopic point of view, the classical
features connected with C haveto be obtained aslimits
from the most fundamental quasilocal theory, based on
2 (cf., also [13]).

2.4. Definition

A state w € &(C) is called microscopically ex-
tended if

li/rln<w;ARA®Il>:<w;A®R>
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for all A € 2 and all meanfield polynomials R4 :=
R(ma(ey1),...,ma(e1s)) with theweak limit R inthe
center of C. Here m 4 (e;) denotes the average over the
latticeregion A of abasiselemente; € B,1 < i < 16.

Stated in words: The expectations of A® R € C are
approximated by the expectations of the AR 4 € 2, if
the state is microscopically extended. The set of con-
sidered states should also be rich enough to separate
the classical observables. It is specified as a ‘meanfield
separating folium’ in and is used to define the weaker-
than-norm topology for the limiting dynamics.

2.5. Theorem (Inhomogeneous Limiting Dynamics)

Fix a meanfield separating folium F ¢ &(C) to de-
fine a o-weak topology. For each BCS-model satisfying
Assumptions 2.1 there is a unique C*-dynamical sys-
tem (C, R, 7) such that for each A € C4 = C(Eg,2A,)
and each A € £ thereisaty > 0 such that for
0 < |¢| < to thefollowing limits exist

7(A) = o-weak- lim ()"x" (4) = ()74 (4),

'e
where a superscript like P/; denotes the perturbation
of the automor phismdynamics. Hereit is given explic-

itly by

Py =>"6hy € C(Eg, %) CC.
keA

We use the followoing functionsin C(Eg, Ay ):

0 — h(0) :==nmy — g ({o;b) b},

+ (0;b") by), (@13)

0 — Ohi(e) := dmwmmi — dgi (03 b) by (2.16)
— 0gx (0;0") by,

0 — hi(0) := h(0) + dhi(0)- (2.17)

For arbitrary A € C(Eg,2l) = C, 1¢(A) writesas

(D)) = (@ (D) A(y,0) (@ e7*"+(9)),
keN kEN
(2.18)

where the infinite tensor products are defined by their
simultaneous local limits in the pointwise norm topol-
ogy of C. Here v isthe classical flow on Eg generated
by hY, that is

o€ Eg.

4 o= [h°(~e0), Y0, (2.19)

dt
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Denoting

CA7 (220)

=S o

keA

0o— Hul(p )€ C(Eg,2,) =

the generator L of 7, has on the core C} (the contin-
uoudly differentiable functions in C with valuesin 2( 4
for some A € £) theform

[L(A>]1(Q> = [Ha(o), A(0)] —i[A"A](e), 2.21)
A€ CN(Eg,2a)

with (the vector field) [A*A](p) =
al p € Eg.

The fine point in this argumentation is the indepen-
dence of the C*-automorphism group 7 € Aut(C) of
the special o-weak topology.

The classical part v of the limiting dynamics 7
moves the sector indices o. One should not inter-
pret this classical phase space dynamics as a nonlin-
ear Schrodinger dynamics for the ‘macroscopic wave
function’, where the latter arises here as the classical
gap-observable (in rough agreement with the Gorkov-
treatment [15]) and underlies the Heisenberg dynam-
ics! An equilibrium state w € &(C) must have a sec-
tor distribution, which is supported by ~-invariant sec-
tor indices. This holds especially for the thermody-
namic equilibrium and ground states, which are de-
termined via the KMS-condition and the correspond-
ing low temperature limits. The KMS-condition for
our model class is equivalent to the self-consistency
equations. The latter concern certain parameters of the
stationary sector indices. For the BCS-models it is de-
duced from the model assumptions that the sector in-
dices for the macroscopically pure (that is factorial)
equilibrium states are functions of the temperature g3
and the macroscopic phase angle ¥ (the chemical po-
tential being a fixed model parameter).

A(yio)|i=o for

2.6. Proposition

Consider a weakly inhomogeneous BCS-model sat-
isfying Assumptions 2.1 and choosea 3 € (0, 4+00).

(i) The extremal B-KMS-states w”? for the C*-
dynamical system (C,R,7) are locally given by the

density operators
Qﬁﬂ _ e—EA—ﬂ Hﬁ” ® e_E" ﬁhﬁ”
keA (222)
=Q Q , Aek,

keA
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where

HY = {nkmk — Ap(B)[e I TOp;

keA
=: Z hfﬂ.

keA

+ ei(ﬂ+519k)bk]

(&4 1s by the normalization of the density operator the
logarithm of the partition function.)

(if) The (absolute values of the) gaps A, (3) = Ay,
appearing in H?, are determined by the selfconsis-
tency equations [ 9]

E .

—i9 h ﬂ k — A —id

AEM\Z%—G tanh (=) = A,
(2.23)

where we have introduced the state-dependent energy
values
Ei, = Ex(B) = \/n} + Ar(B)2.

All solutions of (2.23) have the form

0= 1+ [ o i 0) | = 1+ 09

(2.24)

where A (3) is the absolute homogeneous gap, de-
termined by an algebraic equation, which has a non-
trivial solution for 5 > [.. This determines also the
homogeneous one-lattice-point density operator

05" = exp{—&(B) — Blnm — Ao(B)

[e7b* +eb]]} € &(B). (2:29)

That is, we have — for each model of the class —
solutions of the selfconsistency equation, which for
G larger than the critical §. are nontrivial. The
phase angles of the nontrivial complex gap values
e 19+9%) A, (B) decompose into the macroscopic
phase ¥ plus the dynamical, microscopic phase fluc-
tuations 019, (2.13).

(iii) The average of the pure phase states, formed
over the phaseangleinterval ¥ € [0, 27) =: I,

w? :/wwdﬁ/%r
I

(nontrivial integrationfor 5 > [3.) isthe unique gauge
invariant 5-KMSstate in terms of its central decompo-
sition (i.e., inits decomposition into pure phase states).

(2.26)
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With the reasoning of [10] one concludes that w?
is the unique limiting Gibbs state for the inhomo-
geneous model, a remarkable result. Its decomposi-
tion (2.26) expresses the finest filtering, which is pos-
sible by means of classical observables and is sup-
ported by the pure phase states w”Y. Mathematically
this central decomposition defines a special orthogo-
nal measure on &(C) and — by restricting the observ-
ables — on &G (). We perform the spectral analysis of
the limiting dynamics only in the GNS-representations
(I, Hpe, $2p0) over the pure phase states w”” and
in their low temperature limits.

The physically appropriate observable algebras, cor-
responding to these representations, are the weak clo-
sure von Neumann algebras Mgy = Ilpy(C)" =
IIgg(2A)"”. Observe that, because of the product struc-
ture of the original electron algebra 2 and of the pure
phase states, one has the von Neumann incomplete ten-
sor product

B89
mﬁg = ®w B
keN

(cf., also Bures [16]).

In the GNS-representation (IIgyg,Hgy, 239) the
scalar products are evaluated in terms of the state w??,
which fixes the sector index onto o = géw. The global
automorphism-dynamics of Theorem 2.5, placed into
this representation, also sees only this time invariant

sector index (2.25). The automorphisms are weakly ex-
tensible and we obtain:

2.7. Proposition (Inhomogeneous Pure Phase
Dynamics)

For each BCS-modd satisfying Assumptions2.1 and
for each 3 > (. and ¥ € I, the pure phase component
of the limiting dynamicsis given by the W *-dynamical
system (Mpy, R, 7°7) actingon A € My as

BY

(A) = (@ ) A(® e M), (2.27)

keN keN

wherethe product operator is meant in the sense of von
Neumann [17], resp. Bures[16].
The local Heisenberg generator hasthe form
d
BI( 4y — 4B
Ac Hﬁg (CA) .

— [gBY
(Dlmo = (H" AL, e
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3. Spectral Properties of Pure Phase and Ground
State Dynamics

Let us state again that the reduced limiting dy-
namics, given in the Heisenberg picture by the C*-
dynamical system (C, R, 7) for the classically extended
observable algebra C, represents the global point of
view. The classical variables in the center of C play
physically the role of order parameters, assuming, in
general, time-dependent values. In many body physics
one is mostly concerned with situations, where the or-
der parameters display fixed, stationary values. This
situation is mathematically characterized by a time in-
variant factor representation of C (and of 2(). The mi-
croscopic energy concept refers to such type of situ-
ation. The physically relevant energy values are ob-
tained by the action of 7 in the representation and its
extension to the representation von Neumann algebra.
This energy concept obviously depends on the repre-
sentation, especially on the temperature.

In our model discussion we have, therefore, to
look for the GNS-representations over the extremal
KMS-states and their low temperature limits. For fi-
nite temperatures we have already introduced the W*-
dynamical systems (M9, R, 7°7). As is not difficult
to demonstrate the low temperature limits exist for
the pure phase states, leading to well defined pure
ground states w>? for (C,R, 7). The corresponding
W*-dynamical system (9.9, R, 7>°?) is constructed
quite analogously to the finite temperature case.
For determining the spectra of the mentioned W*-
dynamical systems we perform the Bogoliubov-Valatin
transformation as a x-automorphism in 2 C 9t gy,
identifying 2( here with its faithful GNS-representation
for arbitrary but fixed 5 € (8., +o0], 9 € I.

Altogether we communicate the following results,
which cover the finite temperature and the groundstate
situation and constitute a sharpening of the usual BCS-
treatment in theoretical physics. (We omit frequently
the indices v, when no confusion is likely to arise,)

3.1. Proposition

(i) The prescription

ko = Yro (B, V) = Xw(cm)
(94.505) (3.2)
= UpCpy — vge k Cik.l,
= ) = xP? (e
Ve = Y (B8, 9) == X" (c—k) (32)

7i(19+519k)c;‘;

= Ve 1 + ugC_k|
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with

_ L e
b= By
1 Nk

u(B) = V2 b E(B)

gives by *-algebraic and norm-continuous extension a
*-isomorphism x#? € Aut(2l) with

X (Ap) =2Ay, VAEL
(The Bogoliubov transformation y?” is not o-weakly
continuous, a feature which is connected with the fact
that electron pairs, but not quasi-particle pairs, con-
dense, cf. also the end of Section 6.)

(i) The so-called ‘model Hamiltonian’ [6] in writ-
ten terms of the v-operators

v * *
HY = E Ek(vkovkﬁ-vkﬂkl)—g (Ex—m)1,
keA keA

VA€ g, (3.3)

and thusthelocal restriction of the limiting pure phase
equilibrium state has the form

(W5 4) =

tralexp(—£a—B Y Ex(vivko + Vi k1)) Al (3.4)
keA
VA €A pand VA € £,

where £, is determined by normalization (that is the
logarithm of the local partition function after having
performed the thermodynamic limit).

(iii) There exist the low temperature limits

BY _ 000

w" — lim w , (3.5)

B—00
wherethe pure ground states are given in terms of their
applicationto A = (0 — A(p)) € C4 by

(w75 A) = tra| @ nt(8,0)AeF?)],
KEA (36)
VA e K.

Here we have employed the quasi-particle occupation
operators

A (B,7) 1= Vi VA

3.7
nin(8,9) == 1 — nga, (37)
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and introduced the new numbering

(k,N)=reKk, A=0,1. (3.8)
We need the quasi-particle operatorsin 93, defined by,
cf. (2.6),

Y1 (8,9) == x""(c1) € B,
7(8,9) = Xw(cl) € ‘B.

Note that we have used only in 9B the arrow-index to
indicate the kind of the quasi-particle! We have also
used for the sector index of the groundstate, given by a
state on the B-algebra, the notation
05" = ni (00,) @ nf (00, V), (39)

remembering the (3, ¢)-dependence of the y-operators
sporadically.

The ground states w>? are invariant states of the
global dynamical system (Cg, R, 7).

Note, that from now on the previous pairs (k,0)
resp. (k,1),k € N are numbered by the discrete in-
dices x from the denumberable, totally ordered set /C,
such that the second of the above pairs is the successor
of the first. By abuse of notation, the finite subsets of
KC are still denoted by A, and the set of all A is named
again £.

In order to use the Arveson spectral theory for
the W*-dynamical systems (Mgy,R,7%7), B €
(B, +oc], ¥ € I, we employ the notions of the Ap-
pendix. An eigenelement V' e 9t 3, for, e.g., the pure-
phase reduced dynamics, satisfies by definition the re-
lation

(V) = exp (iEt)V, Vt € R,

where then E € R, from the dual group of R =~ R is
called the corresponding ‘eigenvalue’.

3.2. Definition

(i) We introduce the following sets of occupation
configurationse:

Exi={e: A —{1,1}}; (3.10)
E:={e: K —{1,1}}; (3.12)
ra = & — &4 restriction of the maps.  (3.12)
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The algebraic projection onto a specified, local occu-
pation configuration, givenby e € £ is

€ .__ €k
NA .—®nn,

KEA

ccé. (3.13)

(if) For given ¢ € & we decompose the lattice as
K = K< U K<, where the subsets are defined by
K¢ :={k € Kle, =L} occupied operator modes;

K¢ :={k € K|e,, = 1} unoccupied operator modes.
For givene € £ we definefor A € £ the following sets

i_/_ :AﬂKi/_

sothat A = A5 U A=
(iii) We now introduce the operators

ry =] 7 I v €%acMpy (3.14)

KEAi KREAE
and the energy values
Ef:= > E.— Y B, (3.15)
KEAi KEANE

where E,, = E, () isfrom (2.24).

(iv) From (3.6) one sees that a pure ground state
w>? js associated with a special operator occupation
configuration, denoted by

E3e%:=(ep =1L,V €K),
implying K = K, E§ = > E..

KEA

(Note the contradistinction between operator and state
occupation configurations!)

In this modified notation we may use the results
of [9] to reveal an interesting connection between the
stable spectral values and subgroups resp. subsemi-
groups of R. Observe that the quasi-particle energy of

the homogeneous model is Fo(3) = v/n? + Ao(B)2.

3.3. Proposition

Consider a BCSmodel of the allowed class. Let
(Mse, R, 777), B. < B < 400, be the W*-dynamical
system associated with the GNS-representation over
the pure phase KMS- resp. ground state w”? € &(C).
Then it holds:
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(i) The set {I'$*N5 e, € £, A, A € £}isa
o-weakly total set of eigenelements for 777 with the
eigenvalues £ depending on thefirst factor only. (For
A = () the elements I'{*and N§ are 1 and E5 = 0,
for all ¢ € £.) Thus, by the closedness of the Arveson
spectrum, we have

Sp(r??) = {Eqle €&, A€ £}.

(ii) Each of the above el genval uesisinfinitely degen-
erate, that is, the spectral subspaces (777, {E}), E
an eigenvalue, are infinite dimensional.

(i) Sp(7°?) isin general no subgroup of R.

(iv) The homogeneous spectrum FEq(3)Z is con-
tained in Sp(7°7) for all BCS-models in the consid-
ered class.

(v) For E € Sp(r%?) and n € Z, the spectral mod-
ule property (with” +" as the product) follows

E +nEy(B) € Sp(t??).

(vi) For 8 € (f.,0) each von Neumann algebra
My is a Connes factor of type 111 gy with A(3) =
exp (—BFy(0)), whereas each M.y is a factor of
type .

Let us now turn to the implementing dynamical
Hilbert space operators!

We define the time translation operators, implement-
ing the dynamics in the GNS-representation, in the
standard way

UL 9(C) 29 = po(:(C)) 29,
vC e C,

(3.16)

and extend them to unitary operators in Hgy (re-
taining their symbolic notation). By construction the
UP? leave the vector 2, invariant, a feature which
uniquely characterizes this unitary implementation.
The explicit formula for the extended unitaries will be
given in (5.4). The canonically associated Hamiltoni-
ans are

KPY .= %Uﬂﬁ\tzo, with K#7 055 = 0. (3.17)

Let us call them GNS-Hamiltonians and discuss

their eigenvectors and their (operator) spectra, denoted
o(KP?).
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3.4. Proposition
(i) For 8 € (8., +o0) the set
(NS 259 | e, €€, A, A €8} (3.18)

isatotal set of eigenvectors for K47,
(i) The operator spectrumof the GNS-Hamiltonians
isfor 3 € (8., +o0) givenas

o(KP?) = Sp(r7?) = {Eq|s € €, A € £}, (3.19)

where the first equality follows from the separability
of the cyclic vector according to Appendix B. Thus, as
for the Heisenberg spectrum, the stable spectral values
of the operator spectrum form the group ZE(3) and
the module property holds also for this spectrum with
respect to this group.

(iii) For 8 = oo the set

{52y | A€ £} (3.20)

isatotal set of eigenvectors for i 7.

(iv) The operator spectrum of the GNS-Hamilton-
ians, for 8 = oo, is

o(K>") = {E5 | A € £} (# Sp(r™")). (3.21)

Thus the spectrum is non-negative.

(v) Each of the above eigenval uesisinfinitel y degen-
erate.

(vi) o(K>Y), ¥ € I, are in general no sub-
semigroups of R .

(vii) Denote by N the additive semigroup NU{0} C
R,. Then EgNy C o(K>Y), ¥ € I, for all BCS
modelsin the considered class.

(viii) For E € o(K>Y), ¥ € I,andn € Ny it
follows

FE +nEy(x) € o(K>7?).

We see that the algebraic Heisenberg spectrum is
“halved” by going over to the operator spectrum in the
groundstate representation. Remarkable is the stability
of the homogeneous ground state spectrum, inspite of
the Connes spectrum being trivial for the ground state
von Neumann algebra. This illustrates that the Connes
spectrum is not sufficient for discussing the physically
stable spectral values (and by no means for discussing
the total spectrum).
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Since only the stable energies are macroscopically
measurable and the measurement of the gap is per-
formed by macroscopic devices, the theoretical def-
inition of the gap should include some stability re-
quirements. In our idealized model a natural stabil-
ity is displayed by the homogeneous spectrum for all
B € (Be, +oa].

Since the unitary implementations of the respective
Heisenberg dynamics may be altered by multiplying
a unitary operator from the commutant, we have es-
pecially in the reducible temperature representation a
vast variety of implementing Hamiltonians. For ana-
lyzing these possibilities, we shall decompose the tem-
perature state into an integral over pure energy states,
the latter allowing only c-number renormalizations —
may be, with singular constants — for the correspond-
ing Hamiltonians.

4. Renormalized Hamiltonians for Pure Energy
States

We discuss first the decomposition of w??, 3 <
(Be,0),9 € [0,2m) — the extremal KMS-states of
(C,R,7) — into pure states with sharp quasi-particle
energies and then treat the energy renormalization in
the representations over these pure energy states. These
are more general but similar to the ground state rep-
resentations. In the next Section the results are pieced
together in order to analyze the energy renormalization
in the finite temperature representation.

As mentioned in Section 2, the state w?” sees only
the o -sector of C. If w?? is decomposed as a state on
2, then this decomposition may be lifted to a decom-
position in &(C) by assigning each component state
of the A-decomposition the sharp sector index "
Thus it is sufficient to perform the decomposition of
wP? in &(21). We construct, in what follows, a special
decomposition of w”?, using its GNS-representation
(g9, Hpo, $2p0).

Since the BCS-Hamiltonians are diagonal in the
quasi-particle operators, the quasi-particle occupation
number operators N§ = &) nS~ project onto energy

KEA
eigen-elements. The projected (reduced) cyclic state
vector of the finite-temperature representation, arising
after a measurement of all of the quasi-particle ener-
gies with index s € A, is

N§ 1?2
A YABY
07 = w?,

1S3

(4.1)
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with w? positive, such that

g5 = (wH)? := (2p9|N52p9) = H 9 (4.2)
KEA

95" (= 927 () := (Lpolniy 2p9) (4.3)

_ Jexp(=BEy)/[1 +exp(—=BEy)] e =1,
n {T/Fl —|—exp(—ﬂEK)e],p ; =1. (4.4)

The normal state on 903y = I1354(C)", given by 24
is denoted by w¢, being simultaneously a state on 2( C
M. We may, however, interpret w$ also as a state on
C, in which case we denote it by w? (o5").

In order to obtain the corresponding energy (resp.
particle) projection operators in the commutant of the
von Neumann algebra 9t gy, with the cyclic and sep-
arating vector {234, we use the fundamental concepts
of the Tomita-Takesaki theory [11,18,19]. The latter
begins usually with the introduction of the antilinear
operator SoAf2zy := A*f2g9, A € Mgy, and the po-
lar decomposition S = JA'/2 of its selfadjoint ex-
tension. Here J is the ‘modular conjugation’, an in-
volutive mapping in H gy, with J2 = 1, J* = J and
J (239 = {239. The positive selfadjoint operator A is
the *‘modular operator’. The mapping

J(A) == JAJ, VA € Mgy,

where

defines an anti-linear *-isomorphism from 2t gy onto
the commutant 9/, (which ‘doubles the operators’ in
the physical jargon of thermal field theory [8].

4.1. Definition

By means of the anti-linear *-isomorphism j we
map the energy projection operators into the commu-
tant 03,

N§ =j(N3), Vee& VA€ L. (4.5)

They generate the following commutative von Neu-
mann algebras (where the join v designates the small-
est von Neumann algebra containing the given quanti-
ties)

Ny = V{j(N3)| ¢ € £}. (4.6)
N = V{Ny| A e g}, (4.7)
It holds
1= > Ni N5 Ni =00, Vi
ra(e)€€a
g, €&,
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where summation over r 4(¢) counts the r4(g) € &4,
and not the € € £. Observe, that also

95 = (29| N§ 280), Ve €&

We associate now, using the general theory of or-
thogonal measures, with A4 the measure 7i4 and with
N the measure z on the state space & (). That means
in more explicit terms

fa= Y dide. fimw'—lmjia, (48)
ra(e)€€a

where d,, denotes the Dirac measure at the point w. We
have the barycentric decompositions

W= gawh
TA(E)GgA

= / wda(w), VA € £,
S(2)

wh? = / w di(w).
&)

With increasing A the energy filtering of w?? becomes
finer and finer, and for A C A’ it holds iy < fias in
the sense of the Choquet theory ( in the present con-
text [11] is sufficient).

Since N is generated by tensor products of one-
dimensional projections, in each factor of the product,
it is maximal abelian and corresponds to the finest pos-
sible energy filtering.

Note that 24 € Hgy but the limit lim 4 24 is not
defined in Hgy. Nevertheless, we have the limit as a
state w® in the algebraic sense. We need the limit as a
state in &(C):

(4.9)

(4.10)

BV

Wt = w(df 7

) i=wW" — li/rlnwfl(go ). (4.11)

That is

er BUIY . _ A B9 Ay e ( BUY.
(w(e"):4) = (221A(e0")22) = (wi(ef”)54),
A e Cy.

It holds that the support of ;i is defined in the strict
sense and is contained in {w® | ¢ € £}. The latter is a
continuous standard Borel space if one employs the in-
duced w*-topology and is obviously Borel isomorphic
to £ with the smallest o-algebra X'(£), containing the
cylinder sets Zg(A) = {e € £|ra(e) € B}, where



354

B C &4. (Itis also isomorphic to [0, 1] with the real
Borel subsets.) The family ¢ — w® defines a measur-
able map of £ into &(C). Let us denote by

w the tranfer of the & (21)-measure z onto £. (4.12)

Directly characterized, p is the unique product mea-
sure on X(&) with

WZp(A) = > gi

ra(e)eB

(4.13)

Transferred to the parameter space £ the Tomita map,
associated with the considered orthogonal measure, is
amap

@M tL(E p) — Hﬁﬁ(c)/7 (4.14)

uniquely determined by

(50 | Ou(F)T50(A)259) = /g £(6) (0 A) dua(e),
(4.15)

forall f e L>(&,pn)and A € C.

Since we started with the commutative von Neu-
mann algebra in the commutant, we need the inverse
Tomita map, which gives, e.g., for (M), M € N,

[0, 1(G(M))](e) = (W M), e€& (416)

We have by the standard (spatial) decomposition
theory [11]:

4.2. Observation

(i) The energy filtering decomposition (4.10) of w #?
interms of the orthogonal measure jz isan extremal de-
compositionin &(C). It provides a complete selection
of the quasi-particle energies and can be parametrized
as

w? = / widp(e), w* € 9.6(C), (4.17)
£

the sector index being o/ for all statesinvolved in the
decomposition. This is, why the decomposition corre-
sponds to a decompositionin &(2A).

(ii) For the GNS-triplesit holds the component-wise
decomposition

[S]
(59, M, 239) = / (1., M., ©2.) du(e), (4.18)
£
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where the I1. are irreducible representations, imply-
ing for the associated von Neumann algebras M. :=
II.(C)" = B(H.).

The GNStriples in the decomposition may refer to
C orto%l.

Now we conclude that each pure energy state w® is
invariant as a state on C under the global dynamical
system (C, R, 7), because its sector index of” and its
local density operators (2.22) are time-invariant.

4.3. Definition

In the representation (II.,H., {2.) we construct
the covariant GNS-representation of the C*-dynamical
system (C, R, 7) in the usual way: We define first the
unitaries by extension of

U I (CY2e :=II.(1:(C) 2, VCeC, (419
and then the selfadjoint generator as the GNS
Hamiltonian of the considered representation, namely

d
K® = 2 Uflimo, K0 =0.

The explicit form of the I1.-representation dynam-
ics is determined first by the chosen equilibrium sector,
with sector index ¢5”, and second by the set of indices
A&, which indicates the number of v-occupation oper-
ators in the diagonal form of the ‘model Hamiltonian’
H7? (3.3), surviving multiplication with N§ (4.1)
from the right. Since in the present Section the e-index
is fixed, we identify here — in contradistinction to the
subsequent Section — 2 with I7.(2(), writing, e.g.,
H"" instead of 1. (H5").

4.4. Proposition

Let (M., R, 7¢) be the W*-dynamical system asso-
ciated with the energy filtered component w® of w??,
and let K¢ be the implementing GNS-Hamiltonian.
Then it holds:

(i) K¢ has D, := o2, asa core and satisfies for
AeAy

KeAQ.=[H" A]Q. = (H{’ =) E.) AL,

AE
R 4.20
:(ZEKTLR - ZEnnt)Aﬁs, ( )
A< A<
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where we have dropped subtraction terms and set

HY = H{"+Y (Bi—nx)/2 = Exny. (4.21)
A A

The preceding fact can also be expressed in terms
of a strong-resolvent limit of the renormalized model
Hamiltonians

K°® = stres — lim. [H — ; E.1.]. (4.22)

(ii) Theset of vectors { I'§*£2.|A € £} in'H. (where
for A = @ we define I'{* (2, := (2.) is a complete set
of eigenvectors for K¢ with the respective eigenvalues
E5 (making the convention £, = 0).

(iii) The representation (11, H.) is unitarily equiv-
alent to the Fock representation (where e = <9, that is
the BCS-groundstate representation), iff |[XC= | < oo.

(iv) The W*-dynamical system (9., R, 7¢) satisfies
the intersection property of the Borchers-Arveson the-
orem (cf. Appendix C)

Qs= () [ (E 00) M| =0,

E’eR

iff 2| < o0 If|KE | =oc0then @S, = 1.

(v) If |K2| < oo the Borchers-Arveson Hamiltonian
(with zero as lowest spectral value) HZ4 has D, as
core and has there the form

HPAAQ, = stres— lim HY” A0,

A—o00

= (K°+ > E.)AR.. (4.23)

KEKE.

Thus, K¢ = HP4, iff K= = 0, that is only in the
representation of the BCS-groundstate.

(vi) The selfadjoint generator K¢ is, however, affili-
ated with 9. for all € € €.

PROOF:

(a) The Heisenberg dynamics i in the o/ ”-sector lo-
cally implemented by Hﬁﬂ. By derivation one obtains
the commutator with H”. Observe that in the GNS-
representation over we it holds in view of (4.1)

nﬂﬁgz{ 2. ke

0 kA (4.24)
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Thus we have H" Q. = 3", 4. E.02.,and

K°AQ. = [HY’ A|0. = (H" = > E.)AQ..
KREAE

Now, use n,, = 1 —n;- for k € A= to arrive at the last
version of (4.20).

o 82, is a dense linear manifold of vectors, which is
invariant under the unitary time translations and thus is
a core for their selfadjoint generator.

The strong resolvent limit follows from the fact that
on the core (2. the limit (4.22) exists (in a stationary
manner) (cf. [20], Th. VI1I1.25).

(b) If we apply the elements of the in 9t total set
{I'$N5, | e,e’ € €, A, A" € £} to the given cyclic
vector (2., then only the set of (ii) survives.

(c) If |[K=| < oo, £2. is an element of the GNS-
space over 2.0 with ¢, = 1,Vx € K, and is also
cyclic, and we are thus in the y-Fock representation.

If |IC5| = oo, the product states w*® and we’ are
disjoint.

(d) If K| < oo, then K€ + > ,.. E; is a pos-
itive implementing selfadjoint operatorf(which gives
the cyclic vector (2. the value ) .. E,). Its spectrum
is equal to the Arveson spectrum of the corresponding
unitary group, according to Appendix B. By the BA-
theorem (cf. Appendix C) we have then Q<_ = 0.

If |2 | = oo, then we have

® '7;; [ ® ’7%95] = 957 VAE_ C ’CE_

KEANE KREAE

The operator ) ~ is zero as an element of M1, but
REKE

the vector in the preceding formula is by construction
in Q5 H. (cf. Appendix C): For each given E’ € R
there is a A € £, such that the algebraic energy of

& g, thatis Y-, . E.(B) [where E.(3) is the

KEAE
quasi-particle energy from (2.24)], is larger than E’.
If A € 2o, then we form the large-energy-operator
A @ ~ in the above formula and obtain A2, €
KEAE
Q5 H.. Thus, there is a dense set of vectors in the
closed subspace Q5 H. and Q5 H. = H..
(e) According to (i), K¢ generates in any case
an inner unitary implementation and is thus affiliated
with 9.
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For the physical interpretation one should observe
that the individual — that is pure — states of the super-
conductor are given by the (2., if one asks for the en-
ergy. In this kind of state one has an absolute count-
ing of the quasi particles and their energies. The corre-
sponding Hamiltonian is H 24, whenever it does exist.
From this point of view, K¢ is a renormalized Hamil-
tonian, which also exists in virtue of an infinite renor-
malization constant, if H524 does not. If |[K°| = oo
the assertion Q¢ H. = H. constitutes a mathematical
explication of the physical assertion: All of the rep-
resentation space . has infinite HZ4-energy. Alge-
braic infinite energy elements are not feasible.

5. Extended Temperature Dynamics

We fix (3 in this and the following Section to a value
in (B¢, 00)!

As we have seen in Section 4, the extremal decom-
position of the pure phase states w?? into the pure
states w®, e € &, [cf. (4.17)] is performed by means
of the operators in the commutative von Neumann al-
gebra A/, contained in the commutant 17 5,5 ()’

We define the extension of the equilibrium von Neu-
mann algebra M gy=I159(A)"” C B(Hpy) as follows:

gﬁ%ﬂ =NV Mz (5.1)
(where again the join “Vv” denotes the smallest von
Neumann algebra containing the two given ones).
Since My is a factor, M3, has N as its (non-trivial)

center. The Tomita map: @, : L>*(&,dp) e N,
constructed in the standard way [11, 18], constitutes
a ‘diagonalization’ of N and leads in our context to
the unique central decomposition of the extended von
Neumann algebra 9t%,,. The latter is in this manner
obtained as a direct integral of the type I, factors 91,
over the parameter space £ of possible quasi-particle
occupations:

[S>)
e, = /5 M. du(e). (52)

Therefore, A/ performs a system of imprimitivity for
the covariant dynamical system [21].

Recalling (2.27), we obtain for the application of
the GNS-Hamiltonian K #? onto local excitations [us-

ing (3.3)]

KﬁﬂAQﬂﬁ = [Hﬁﬂ,A]Qﬁg, AeAy.

For extending the dynamics to 93, we need more
refined tools from the modular theory of von Neumann
algebras, especially the standard form of states in terms
of vectors from the natural self-dual cone P gy C Hgy.
According to [22,23] and [24] the pointed cone P gy
is the closure of the set {Aj(A)239| A € Mgpy}.
For each normal state ¢ on iy there is a unique

£(p) € Pgy with (p; 4) = (£(p) | AL(p)), VA €
M. In consequence to this biunivocal relation there
exists also a unique implementation of the tem-
perature Heisenberg dynamics by unitary operators,
which leave Pgy invariant. This is just our GNS-

implementation U//””, for which we now conclude (cf.
also [11], Section 2.7)

U Aj(B) gy = 77" (A)j (" (B)) 280,
A, B € Mgy, Vt € R.

Denoting W57 := explitH}"] € A4 C Mgy, we
derive

U Aj(B) g9 =
Wi G(WAD(AF(B)YW (W5 ) 259, (5:4)
A, BeAy.

The above mentioned uniqueness of the standard rep-
resentation of normal states by vectors in P 34 leads to

W 5(WE Y259 = 39,9t € R,YA € £. (5.5)
Differentiation of (5.4) to ¢ gives

K Aj(B) 259 = [HY” — j(H]")|Aj(B) 250,

A B ey

Since Wi j(W4Y) € Mg, VA € £, their net-limit
Ufﬁ, in the strong operator topology for increasing A,
is also in MF,. Thus

K = st-res — lim [HEY — §(HE™)

= st-res — lim > E(B)[ne — j(ne)].

rEA

(5.6)

In terms of the foregoing formula, the GNS-
Hamiltonian of the temperature representation, that
is the selfadjoint operator K47, is displayed as the
strong-resolvent-limit of the local model Hamilto-
nians (3.3) minus operator renormalization terms.
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We are thus confronted with a generalization of the
renormalization concept in irreducible representations,
where the diverging nets of c-numbers are now re-
placed by diverging nets of operators from the center
(resp. from the commutant). The latter display a whole
spectrum of c-number counter terms, which we are go-
ing to analyze.

Mathematically the foregoing formula exhibits that
KP? is affiliated with 9015, One sees that the ex-
tended von Neumann algebra 91, may also be gen-
erated by 95, and the spectral projections of K#?
resp. of the U/, We may relate our extended dynam-
ical system with the theory of crossed products (cf.,
e.g., [21,25,26)).

5.1. Observation

The W*-dynamical system (901%,, R, 777¢) comes
from the C*-crossed product, induced by the action of
R in terms of x-automorphisms in IIgy(2L), by per-
forming the w*-closure. The extended von Neumann
algebra M3, is, therefore, the crossed product of the
algebra Mgy by the abelian group R with respect to
797 (notethat R = R):

93?%19 = f)ﬁgﬁ \Y Uﬂgﬁ = f)ﬁgﬁ X o0 R.

Now we may analyze the dynamics on the extended
algebra M55, which is naturally introduced by setting

m(A) == UM AUP, YV Aems,. (57)

We check that §2 is separating (and cyclic) for 05,

and that 777¢ is the modular automorphism group for
(MG, £259). Part of the following assertions may be,
however, directly verified:

5.2. Proposition

The dynamics 7/’ € Aut(9t5,,) leaves the center
N = 0, NI, pointwiseinvariant and decomposes
along the central decomposition of 915,

D
A = [ T(A. ;
£ 4) /E £(A2)dp(e)

@ (5.8)
WA = / Adp(e) € MY,
I

with the previous 7 € Aut(91.).
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PROOF: Argue similar to [27].

Let & C & be a measurable subset with p(Ey) > 0
and define:

[S]
I;(&) = / I5 du(e), (5.9)
&o
D
P=3E) = [ ), 610
E
D
P(&) = /g 1. du(e). (5.11)
Now remark that
Ii(&0) = P(E)T; (5.12)

due to the pointwise multiplication under the direct in-
tegral.

5.3. Proposition
(i) Anelement A € M5, isin the spectral subspace

M, (B), B aclosed setin R, iff

52
A= Acdu(e), A € M. (B),
Eo

(5.13)

for a set &, with finite y-measure.
(ii) The following relation holds:

Mao(B)Hgo = My(B)Hgy - (5.14)

(iii) It holds

QL= () [([B; 00)) M)
EeR
= [ [M%([E; 00) Mo = Q22"

EcR

(5.15)

PROOF:

(i) The condition (5.13) is clearly sufficient for A
IM%,(B). On the other hand, if there is an & C &
with finite u-measure and such that Sp(A.) is not con-
tained in B, Ve € £, then we have an f € L1(R) with
suppf N B = @ and 7 (A) # 0, which contradicts the
criterion of Lemma A.3.

(if) Show that the set of linear combinations L
of elements from Mgy (B)-N is strongly dense in

MG, (B). Thenany vector ¥ € {Emgﬂ(B) Hw} is the
limit of a sequence {L,¥,,} C Mgy(B) Hgy.
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(iii) This is directly implied by the foregoing result.

We shall make heavy use of the following conclu-
sion:

5.4. Corollary

Let 5 > E for all € € & with (&) > 0, then it
holds I";(£o) € MGy ([E, o0)).

6. Energy Renormalization for Finite
Temperatures

For studying the renormalized Hamiltonians in the
finite temperature case we use the extended W*-
dynamical system (9015, R, 777¢). It is well-known
from general KMS- resp. Tomita-Takesaki-theory that
the dynamics in the temperature representation has an
implementing selfadjoint generator with two-sided un-
bounded spectrum. But this implementation is not the
only one, and the Borchers-Arveson theorem does not,
in principle, exclude another unitary implementation
with positive spectrum, or positive spectrum in a reduc-
ing subspace, as long as one does not know whether the
intersection projection Q2 in the GNS-Hilbert space
Hgy (cf. Appendix C) equals unity, or not. We study in
this Section the occupation probabilities for the quasi-
particle excitations in order to obtain the distribution
of quasi-particle energy values and to gain information
on Q47

6.1. Definition (Asymptotic Occupation Sets)

(i) We start with a sequence {A,, | n € N} C £
with the following properties

(@) |4,] =n, Vn eN;

(b) the A,, are pair-wise disjoint;

(c) for each Ay € £ there is an ng € N with Ay N
A, =0,Vn > ng.

(ii) With this and for a given « € (0, 1) we define a
sequence of measurable subsets £2 of £ by

Eri={eec&l||A_| =]an]},Vn €N,

where [an] denotes the least upper integer next to
an, n € N. Since these sets are pair-wise pu-
independent [x from (4.13)] they may serve to con-
struct terminal events (cf., e. g., [28]).

(iii) We define

E% = ﬁ G g,

m=1n=m

which is the subset of £ of those &, which fulfill finally
the relation |AS_| = [an], for increasing n.

In the following Lemma mathematical techniques
come into play which are typical for proving 0-1-laws.

6.2. Lemma

For a BCSmodel of the considered class, with 1 the
extremal measure from (4.13) on the parameter space
&, decomposing the temperature pure phase state, it
holds:

(i
Jim g, =: g =9(f)
= exp(—=fEy)/[1 + exp(—BEv)],

lim g =:g" =1-g(f)
= 1/[1+ exp(—BEp)],

whereonther. h. s. arethe Fermi distribution functions
for one quasi-particle of the homogenized model.

(i)

(6.1)

(6.2)

: o a L i a=gyg
1 ) = (€Y = :
e —uen={ g 4ol
(iii)
st — lim P(&)) = st — lim I'y (7)1, (&)
_ peay L i a=yg
‘P(g)‘{o, if atg
PROOF:

(i) From our model assumptions the model parame-
ters, the gaps and thus the quasi-particle energies and
g tend to their resp. homogeneous values for Kk — oc.

(i) Consider £ as a finite union of cylinder sets

Z.(Ay) =1{' €& ra,(€)=ra,(e)}, (6.3)
namely,

=

eeé&, |Af17|:[o¢n]

Z:(Ay).

Since the measure . has the product property, we find
with (4.2)

w(Ze(An) = [ 955 = (260 | N5, 280),
KEA,

> I

e€é, |A: _|=[an] KEA,
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Fig. 1. The function v = v(g, ) to determine n(&7).
Since
e - - n
card{e € £ | |A;_| = [an]} = <[an]),

we have for large n (implying large [an]) in virtue of
Stirling’s formula

n(&y) = <[ann])g”°‘(1 _ g)-am

g (1 — g) 1=
B (an)!(n — an)!
g1 g)1-e)
(an)ane=on[(1 — a)n](l-d)ne—(1-a)n
(1 g)1=e
- aon(l — q)1-e)n

Q

= v(g; )"

The dropping of the bracket in [an] can be justified by
a more careful handling of the asymptotics for large
n. As illustrated in Fig. 1, the function v(g; )™ is
strictly smaller than unity for o # ¢ and equal to
unity for a = g. What we make use of, is the ar-
bitrary nearness of u(€%) to v(g; «)™. Thus the sum

>, (ES) approaches for large n the geometric series
over y(g; a)™. Observing the independence of the £2,
the lemma of Borel-Cantelli, [28] Ch. II, tells us then,
that in the first case with converging series it follows
w(E¥) = 0, whereas in the second case with diverging
series it follows x(€%*) = 1. Now, we have in virtue
of the lemma of Fatou [29] and of the finiteness of the
measure p

w(E*) <lim sup p(E7).

n—oo

In the first case, the series on the r.h.s. is monotonously
decreasing to zero, whereas in the second case
w(€EY) has still only one accumulation point in
virtue of our model assumptions. Thus this must be
limsup,, . 1(€Y), and the sequence of measures has
to converge to unity.

(iii) We have by definition

(&)
P(ED) = / Ldp(e).

a
n
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For A, B € 204 and n large enough we find

(AP(£;)92 | BL2) = (A2 | BR) (22| P(E;)92)
— (A2 | BQ) (D)
. {(AQBQ) ifa=g
0 ifa#£g’

Thus the projections converge in the weak and, by
squaring, in the strong Hilbert space topology.

6.3. Remark

In the preceding Lemma the support of the product
measure p on the o-algebra X'(€) has been charac-
terized by its asymptotic nearness to the product mea-
sure po of the homogenized BCSmoddl. The homo-
geneous product measure determines the type of the
thermal von Neumann algebra, not only for the homo-
geneous but also for each inhomogeneous model, for
which it is the homogeneous average. But it is not true
that each inhomogeneous measure p is equivalent to
the coresponding homogeneous measure. The fluctua-
tions of the quasi-particle energies may be so strong
(for an allowed model), that the inhomogeneous and
the homogeneous measures become disjoint. (For this
one may apply the Kakutani Theorem for the compari-
son of product measures, givenin[30].)

The renormalized GNS-Hamiltonian for the system
writes according to (5.6), inserting the central decom-
position of the operators,

K"V = st-res ~lim > E(B)[ne—j(ne)] (6.4)
KEA

- 1/5(5)]15] d/t(€),
(6.5)

where we have used for the inverse Tomita image
(4.16) of the central element j(n ) the notation

ke K,
keKe |7
(6.6)

tvg(e) = {(1):

6.4. Theorem

Consider a BCS-model of the allowed classin thefi-
nite temperature representation. Deter mine the deconm+
position measure p of the pure phase state and the sup-
porting set £9 from Lemma 6.2.

(i) For the GNS-Hamiltonian holdsthelocal approx-
imation and the direct integral decomposition

KB = st-res
®
_lim [ZEKHE(W)— 3 E,.ills] du(e)
A Jes REA KEAS
®
= K*®du(e). (6.7)
E9

This makes explicit, that only infinite energy renor-
malization terms occur within the operator subtraction
terms, since for all ¢ in the supporting set £9 the limit-
ing set IC= for the A% isinfinite.

(if) Each 0 # ¥ € Hgy contains both infinitely
many quasi-particles and infinitely many quasi-holes,
theratio of the total quasi-particle number resp. of the
total hole number against thetotal particle number be-
ing g(08) resp. 1 — g(B). (States which do not satisfy
these conditions have zero norm.)

(iii) The BA-intersection space has the form

m Emgi;([E7 00)) Hgo = Q@(E)Hﬁﬁ = Hpgy. (6.8)

E€R

There is no non-trivial subspace of H gy, in which a
unitary implementation for the finite temperature dy-
namics is possible with its selfadjoint generator dis-
playing a lower bounded spectrum.

PROOF:

(a) The first equation follows from (6.4) and the ob-
servation, that v, (¢) = 1 under the subsidiary con-
dition k € A, iff k € A% and from the fact that
1(€9) = 1. The second equation arises from the in-
terchange of the st-res-limit with the integration, the
latter being justified by the Lebesgue dominated con-
vergence theorem.

(b) We observe that for o = g itholds P(£2)Hgy C
Hy = MG,(([an], 00))Hsy and that the H,, are
monotonously decreasing for increasing n. For a given
¥ € Hgy there cannot be a finite distance ¢ to
an H,, since — in virtue of Lemma 6.2 (iii) — there
is always an m € N such that || — P(ES)¥| <
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0, P(€2)¥beinginH,. Thus, ¥ € H,, Vn € N.
Thus ¥ € N,H,, Y& € Hgy. From this fol-
lows (6.8), since for each £ € R, M3, ([E, o0)) C
MGy ([En, oo)) for some n € N. This consideration,
combined with the result that P(£%) — 0, fora #
g(), also justifies the range of integration in (i), since
it states that each 0 # ¥ € Hpgy eventually is in
P(EX)Hpy ifand only if o = g(5).

(c) With the preceding result assertion (iii) follows
directly from the BA-theorem for the total dynamical
system. If @ is an invariant projection, then its cen-
tral decomposition may be restricted to £9 and the by
@ reduced dynamical system does not have the BA-
intersection property either.

For a comparison of the operator algebraic formu-
lation of a BCS-model with its usual treatment in
theoretical physics, where a ‘large’ but finite num-
ber of particles is taken into account, let us re-
strict the dynamical system (905,, R, 777) to a fi-
nite set A of quasi-particles (after having first per-
formed the thermodynamical limit). Specifying the
quasi-particle occupation r 4 (¢) in A leads to the cylin-
der set Z.(A) c & from (6.3) with dynamically in-
variant projection P.(4) = [Z’ , 1 dp(e). Thus,
the total system is already infinite, but we look only
at a finite part of it and discover there with the fi-
nite probability I7,¢5~ the occupation configuration
r4(e). Mathematically, the Arveson spectral theory
may easily be taken over to the reduced W*-dynamical
system (P-(A)Mg, P.(A),R, P.(A)77"¢P.(A)). The
spectral values depend on 3, since we are dealing with
an infinite system, whose subsystems are related by
the thermally averaged meanfield interaction. Using
this kind of projection leaves the local observables of
the particles outside of A, nevertheless, completely un-
specified.

Prescribing the thermal average for the observables
in the complementary index domain leads to the con-
ditional expectation

PP(A) : MGy — I (Ay) (6.9)

PAY(A)(4) = / :

o (0814002 dut),

[57]
A= / Acdp(e) € MY, (6.10)
g

where QEA denotes the product vector (2., restricted
to the index domain A¢. To illustrate our notation
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consider the application of P57(A) onto the ele-
ments n, = [; I.(n,)du(e) resp. j(n,) =
[ vi(€)1. dp(e), leading to

PP?(A)(ny; resp.j(ny))

_ JII.(ng)resp.ve(e)l. | ke A
BR e " kg A [’

where the bar denotes the thermal average. By extend-
ing its domain we define the application of the condi-
tional expectation to the GNS-Hamiltonian

K57 .= st-res — hAIp PP (A)(KSY)

— N EdL(ng) - 3 Eel.. @1

KEA KREAE

The subtraction term takes account for the holes, in-
dexed by k € A< . The Borchers-Arveson Hamiltonian
exists (only) locally and is obtained by shifting the en-
ergy scale by the total hole energy:

HEA = K+ > B ..
KREAE

There is no opportunity to bring into play the pure
c-number subtraction term >, (E. — n.)/2 1 of
the model Hamiltonian (3.3). The latter corresponds
to the so-called condensation energy of [6] (the slight
deviation being due to a different mean field ansatz
in [6], and the factor 1/2 stems from our single par-
ticle, instead of pair, counting). The decisive point is,
that the condensation energy, diverging with increas-
ing A, cannot be incorporated into any renormalized
Hamiltonian, since it does not fit into any sharp en-
ergy representation, which lies within the support of
the thermal measure.

6.5. Conclusion

The GNS-Hamiltonian K77 in the thermal rep-
resentation is the statistical superposition of BA-
Hamiltonians, which count the energy above the vac-
uum, with diverging subtraction constants.

The family of energy subtraction terms make up the
diverging operator subtraction, which is canonically
obtained by the standard implementation of automor-
phisms, and its generators, in the thermal von Neu-
mann algebra 901 35 and which prevents K #? to be af-
filiated with 901 59. ( K°? is affiliated with MGy.)
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Snce the statistical superposition of physically in-
terpretable energy operators does not change the
meaning of the quantity, the thermal Hamiltonian K %
represents a physically interpretable energy observ-
able.

For a further illustration of the occupation statistics
let us formulate the following:

6.6. Observation (Quasi Pair Occupation)

In virtue of our numbering, described at the begin-
ning of Section 3, the occupation probability of a quasi
pair with time-reversed quantum numbers for the con-
stituting quasi-particle components has the form (as-
suming in thefollowing that x countsalwaysa 0-quasi-
particle)

<Wﬂ19 ;nﬁnn+1> = g,% — g2 > 0, for k — oo.

Therefore Y 1(EF := onepair at  isoccupied) =
oo and from the Borel-Cantelli lemma we concludevia
the pair-wise independence of the £

w(infinitely many quasi pairs are occupied)

(Y YUep=1

A=1 k=X

That infinite occupation of quasi-particle pairs with
probility 1 does, however, not signify a condensation
of quasi pairs follows from the fact (w”? ; v, 7..11) =
0,V k € K. Asis well known, the nonvanishing
of the corresponding expectation for electron pairs
makes up the order parameter of a superconductor and
represents phase ordering. The different values of the
two pair expectations signifies the discontinuity of the
Bogoliubov transformation in the o-weak topology in
contradistinction to its norm-continuity.

Appendix

A. The Arveson Spectral Theory
— Basic Definitions

For the convenience of the reader, let us com-
pile some basic concepts of the Arveson spectral the-
ory [12]. This theory was elaborated for locally com-
pact groups, which act via isometries in general Ba-
nach spaces in a continuous manner with respect to
certain weak topologies. We will specialize in this sub-
section to the group R (the real time axis) — with the
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isomorphic dual group R (the real energy axis) — act-
ing o (90, M. )-continuously via *-automorphisms in a
W*-algebra 9t with the pre-dual space 1. The gen-
eral group theoretic duality relation takes the form

(E;t) = exp(it E), VE cRandVteR.

The Arveson spectral theory is connected with the
left regular representation of R on the group algebra
L'(R) (with convolution as multiplication), where the
latter functions serve to “smear” the time dependence
of the x-automorphisms. More precisely, for every f €
L'(R) there is a map

T IM— M, 74(A) := / m(A)f(t)dt, A e M,

R
(A1)

where the integral exists in the o-weak topology. This
gives rise to the norm decreasing homomorphism 7
from L*(R) into the o-weakly continuous operators on
m

7: LYR) — B, (M), 7(f) := 74
It holds
7 (A < (Lf15 1Al

(A2)

Vf e LY(R), VA € M.

A.1. Definition

Let bet — 7, a (9, M, )-continous representa-
tion of R in terms of automor phisms of the W* -algebra
M, and Q) an arbitrary subset of 9t; then we define:

(i) aclosed «-ideal 73, of L'(R) by
3y ={f e L'(R) [ 74(4) =0, VA€ D };
(i) the (local) Arveson spectrum of 9) by
SpT(9) == {E €R| f(E) =0 Vf €7p},

where for asingleton ) = {A} wewrite Sp™(A4) and
call it the spectrum of A;

(iii) the (total) Arveson spectrum of the W*-
dynamical system by

Sp(r) == Sp” (M);

(iv) the spectral subspaces of M1 for a o-closed set
Y CRby

M (X):={AeM|Spr(A) C X} ,
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abbreviating henceforth o (90T, 9..) by o;
(v) the set of T-invariant elements

M :={AeM|n(A) = A, Vt € R}.

The ideal property of 33, is seen by forming the
Fourier transforms. The Arveson spectrum may also
be written by the polar set

Sp(r) = (ker7)°.

We list some properties of the spectrum:

A2. Lemma

Let be (M, R, 7) a W*-dynamical system as above
and A, B € 9t. Then it holds:

(i) Sp™(1:(A)) = SpT(A) Vt € R.
(il) Sp™ (A + B) C Sp™(A) U Sp(B).

(iii) Sp™ (77 (A)) € Sp™(A) N supp(f).

(iv) If, for f,g € L*(R) such that in a neighbour-

hood of Sp™(A), f = g, then 7¢(A) = 7,(A).

PRrRoOF: This follows immediately from the definitions.

A.3. Lemma

For a W*-dynamical system (9, R, 7) we have the
following criteria for the local spectrum of A € 9,
following directly fromits definition:;

(i) E € Sp7(A), iff f(E) # 0= 17(A) # 0,
f e L(R).
(ii) If B isa closed subset of IR, then

SpT(A) C B, iff suppf N B =&
= 14(A) =0, f € L*(R).

B. Arveson Spectrum in Hilbert Space

If the locally compact abelian group R has a
strongly continuous, unitary representation

U:R— B(H)

in a Hilbert space H, the Arveson spectral theory can
also be applied to this case, dealing quite generally
with groups of isometries in a Banach space [12]. In
complete analogy to definitions for the dynamical W*-
automorphisms we introduce for the unitary dynamics
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Us, Sp(U), Sp¥(¥) for ¥ € H, and HY(X) for a
closed ¥ C R.

B.1. Proposition

Let (M, R,7) be a W*-dynamical system in a

Hilbert space H such that
Tt(A):UtAUt*, vVt € R, VAEW,

wheret — U, is a strongly continuous, unitary rep-

resentation of R with an invariant vector {2 £ 0. Then
there holds:

(i) There exists a mapping

Py : B(R) — P(H)

fromthe Borel sets B(R) of R into the set of projections
P(H) onH, such that

(a) Py is o-additive, with P () = 0 and Py (R) =
1; PU(El N 22) = PU(El)PU(EQ) for all X1, X5 €
B(R).
(b) HY (%) = Py (X)H for all closed X C R.

) U = /R f(E)d Py(E) holds in the strong

operator topology for all Fourier transforms f of
bounded measures on R and may be generalized to all
bounded measurable functions f on R. For the spe-
cial function f(E) = exp(iEt), which is the Fourier
transform of the Dirac measure f(t) = §(t), we obtain
Ui = [pexp(iEt)d Py (E).

(d) E € Sp(U), iff Py (X) # 0 for all closed neigh-
bourhoods X of E.

(e) Py istheresolution of theidentity in Sone'sthe-
orem: Defining

K := / EdPy(E) with

R (B.1)

Di:={0eH |/E2<!I/\dPU(E)LP> < oo},
R

we obtain a selfadjoint operator in the usual way. Then
it holds

Us = f(K)

by the definition of a function of K and . Onefinds

(B.2)

(B.3)
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where the right hand side denotes the usual spectrum
of the selfadjoint operator K.

(ii) Sp™(A) D SpY(AN) for all A € M.

(iii) A € M™(X) = AN € Py(X)H for all
closed ¥ C RR.

(iv) If £2 is also cyclic for 91, then

Sp(t) 2 Sp(U).

(v) If £2 is cyclic and separating for 91, then also
the reverse relations are valid in (ii) —(iv). Especially,
it holds

Sp(r) = Sp(U).

PROOF: For spational limitation we refer to a future
publication.

C. The Borchers-Arveson Theorem
C.1. Theorem (Borchers, Arveson)

Let be (M, R, 7) a W¥-dynamical system, where 97t
isavon Neumann algebra on the Hilbert space H. The
following conditions are equivalent:

(i) There is a strongly continous one-parameter uni-
tarygroupt — U, € B(H) with nonnegative spectrum
such that

t(A) = UL AU}

forall Ae M, t € R.

(i) Thereisa strongly continous one-parameter uni-
tary group ¢t — U; € 9t with nonnegative spectrum
such that

(A) = UL AU}

forall Ae M, t € R.
(iii) N P ([E, o)) H] = 0, where [linear sub-
E€R
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